Math 951 — Advanced PDE II

Homework 1 — Solutions!
Spring 2020

Turn in solutions to all problems. Working together in groups is HIGHLY suggested,
although each person from the group must submit their own solutions.

1. Let p € [1,00) and U C R™ be open. Prove that translation is continuous in LP(U).
More precisely, prove that for all f € LP(U) and for every open V such that the
closure V' is compact and V' C U, denoted V' € U, we have

i [|£(- + ) = £ () [ aqv) = 0.

Is this result true for p = co? Either give a proof or a counterexample.

Solution: First, fix 1 < p < oco. Let V € U and first consider the case that
f € C(U). By the mean value theorem, for all |h| sufficiently small we have

1FC+R) = FOlleery S VEIFC+R) = FOlley < VI el hl,

which clearly converges to zero as h — 0; here, |V| denotes the Lebesgue measure
of the set V. Alternatively, you could argue based on the fact that f is uniformly
continuous on V.

In the general case for that f € LP(U) for some p € [1,00), let € > 0 be given and
note, by the density of C2°(U) in LP(U), there exists a function g € C2°(U) such that
|f = gllze@) < €. Tt follows by the triangle inequality in LP(U) that for h sufficiently
small we have

1fC+h) = FOllzeey S NFC+R) =g+ M)llery + lg(-+ ) = gl e vy
+[lg = fllzr (v
<2+ |lg(- +h) —g0)llLevy-

Since g € C°(U), the first step above yields

limsup || f(- + h) = f() ey < 2¢
h—0

and hence, since ¢ > 0 was arbitrary, we have limy, o [|f(- +h) — f(:)| zr(v) = O as
claimed.

Notice this result is not true in the case p = co. Indeed, if U = R and f is the step
function
0, ifz<O
f(x)_{ 1, ifz>0

then || f(- +h) — f(-)llp(v) = 1 for any V' € U containing x = 0 and all h € R* =
R\ {0}.



2. Suppose that U C R” is open and bounded with smooth boundary and that Q1,2 C
U are two non-empty disjoint open sets with smooth boundaries which decompose U
in the sense that U = Q1 U Qo U, where I' = 921 N 0€)s is a smooth hypersurface
in R™. Suppose u; € H*(€;), i = 1,2 are such that u restricted to I' agrees with wus
restricted to I' (the restriction taken in the trace sense). Prove that the function

u(z) = ui(xz), forze
ug(x), for z € Qo

lies in the space H'(U), and identify the weak derivative Du.

Solution: First, we show that u defined above is weakly differentiable in U. To this
end, fix ¢ € C°(U) and note that since u; are weakly differentiable in U we have

/uDd) dx:/ u1 Do d:v—l—/ us D¢ dx
U (V51 Qo

= — < Duy¢ dx + Dusg dm) + / (u1 — u2) %dS,
on Qs r v

where here v denotes the unit outer normal vector along I': specifically note v points
in opposite directions when viewed from inside €1 versus (2. Defining

v(z) = Dur(z)xa, (x) + Duz(2)x0, (%)

/Uqubdx:/Uvgbdx
1

which, since v € L;  (U), implies that u is weakly differentiable in U with weak
derivative Du = v. Furthermore, since Du; € L?(€;) we clearly have that v € L?(U),
and hence u € H'(U) as claimed.

it follows that

3. (Evans 5.11) Suppose U C R" is connected and u € WP (U) satisfies
Du=0a.e. inU.

Prove that u is constant a.e. in U.

Solution: Let u® denote the standard mollification of w defined on the dialated
domain U, and recall, for each € > 0, that u* € C*°(U,) with

D(u®) = D(ne *x u) = e * Du.



Thus, we have that D(u®) = 0 in U, and since U is connected it follows that, for each
e >0, u®(z) = C: on U, for some constant C., possibly depending on e. Since u® — u
a.e. in U as € — 0, we have for a.e. z € U

li = limu®(x) =
lim C. lim (x) = u(x)

and hence the limit lim._,o C. exists. Setting C' = lim._,o C; it follows that u(x) = C
for a.e. x € U as claimed.

4. (Evans 5.4 — Suggested) (a) Prove that if u € W1P(0,1) for some 1 < p < oo, then
u is equal almost everywhere (a.e.) to an absolutely continuous function, and that u’
(which exists a.e.) belongs to LP(0,1).

(b) Prove directly that if u € WP(0,1) for some 1 < p < oo, then

u(x) — u(y)] < |z —y|' /P (/01 yu'(t)|pdt) Hp

for a.e. x,y € [0,1]. Conclude that Sobolev functions in one-dimension are Holder
continuous', specifically that W'?(0,1) c C%=1/P(0,1).

Solution: (a) Notice that since u € W1P(0,1), its weak derivative u’ exists and
belongs to LP(U). Moreover, Hélder’s inequality implies v/ € L1(0,1), so that the
function F': (0,1) — R defined by

F(x) = /1/2 u (t)dt

is well-defined. In fact, F' is absolutely continuous since, by the Fundamental Theorem
of calculus, we have that I exists classically a.e. and equals v’ and that

F(x) = F(1/2) +/$ F'(t)dt.

1/2

It is enough then to show u = F a.e. in (0, 1).
To this end, note for any ¢ € C2°(0,1) we have

/Oquﬁ'dx:—/OlF’qua::—/01v¢dx:/01ud>’dx.

1
/ (F—u)¢'de =0
0

Therefore,

!See Section 6.5(a) of McOwen for definitions of the Holder spaces.



for all ¢ € C2°(0,1) so that F'—u is weakly differentiable on (0, 1) with D(F —u) =0
a.e. It now follows from Problem #3 above that F' — u is a.e. equal to a constant
function on (0, 1), i.e. there exists a constant C' € R such that u(z) = F(z) + C for
a.e. x € (0,1). Therefore, u' exists classically a.e. and v’ € LP(0,1) as required.

For an alternate proof of part (a) using mollifiers, consider the following argument:
Write u® for the standard mollification of w and fix a € (0,1). Then

by the fundamental theorem of calculus (using that u° is smooth). Requiring a to be
a Lebesgue point of u (recall, by the Lebesgue differentiation theorem, that a.e. point
of (0,1) is a Lebesgue point of u), so that

u®(a) — u(a)
as € — 0. Moreover, recall from class that (u®)" = (u’) and hence
(ua)/ — (ul)E — u/

in L1(0,1) which implies that

/a "y () dt — / ()t

as € — 0. Letting € — 0 hence implies that

u(z) = u(a) + /x o' (t)dt

for a.e. x € (0,1), and hence u € AC([0, 1]).

(b): Let u € W'P(0,1) and notice then that u is absolutely continuous with u’' €
L?(0,1). Thus, given z,y € (0,1) with y < x, an application of Holder’s inequality
yields

ule) —u(w)] < [ w0l

< (/yx 1dt)1l/p (/yx |u’(t)\Pdt)1/p

< N llzoo,ylz —y[' =7

as claimed. Now, since we identify functions in WP that agree a.e., we can assume
that u is continuous and that the above inequality holds for all z,y € [0,1]. It follows
then that

[U]CO,I—I/p(O’l) = Sup M <

< [lull o0
syelo oy @ —y[tmHP (0.1))
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which is finite since u € W1(0,1). Therefore, since u can be chosen to be continuous,
it follows that u € C%'=1/P(0,1) as claimed.

. Show that if u € H'(R) = W2(R), and if v’ denotes the weak derivative of u, then

o () = }llli% u(x + h}z —u(x)

where the limit is in the L?(R) sense.

Solution: Since u € H!(R), we know that u is absolutely continuous and u’ € L?(R)
exists a.e.. By the absolute continuity of u, it follows that the Fundamental Theorem
of Calculus applies to v and hence

u(z +h) —u(z) = /01 o' (z + th)h dt,

which, by the triangle inequality, implies

(1:+h —u(z

o' (z) — / |u/ (x (x 4+ th)|dt.

Therefore, squaring and integrating gives

2
// W/ (z) — o' (z + th)|?dt dx
L2(R)

/ / lu'(z) — ' (x + th)|*dz dt  (by Tonelli)

o' (-) = (- + 0) |2 m)
= st

u(z + h) — u(z)
h

o' (r) —

Since translation is continuous in L?(R), it follows that

u(z + h) — u(z)
h

—/(z) in L*(R) as h — 0

as claimed.

. This exercise introduces you to the so-called “Sobolev Embedding” theorems in the
special case of Sobolev spaces of periodic functions. Such functions can be represented
as Fourier series, which makes their analysis significantly more straightforward than
for functions defined on arbitrary bounded domains we have been considering in class.

(a) Show that if u € H;(Q) with s > n/2, then u € L>(Q) with

[ullzee@) < Csllullmgq)
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for some constant Cs > 0 independent of u. Conclude that u € C°(Q).
Remark: Morally speaking, this shows that if a Sobolev function has “enough” deriva-

tives in L?, then it is in fact continuous. Using a simple induction, you could extend
this result to show H3(Q) C C*(Q) whenever s > n/2 + k.

Solution: Using the representation u(z) =3 czn a;e?mie/L

inequality that for any x € Q

we find by the triangle

u(@)| < Y layl.

JEZL™
Now, Hoélder’s inequality implies that
1/2 1/2
V14 1 .
EDY e s Y o > (L 1jP)]ay?
g VARV . 1+l —
JEL JEL JEZ JEZ

Since the n-dimensional p-series test implies that
> E <
|25
iz 1l
provided 2s > n, it follows that
ull = (@) < Cllullas @)

for some constant C' > 0 provided that s > n/2, as claimed.

To conclude that H;(Q) C CY(Q) for s > n /2, notice that the above inequality implies
that convergence in H,(Q)) implies uniform convergence provided s > n/2. Since
u € H,(Q) implies the Fourier series for u is itself a limit of continuous functions,
convergences in H,(Q) to u, it follows that u is the uniform limit of continuous
functions and hence continuous.

(b) Show that if u € H,;(Q) with 0 < s <n/2, then u € LY(Q) for all

<)

Solution: First, notice by the Hausdorff-Young inequality (given in the hints) we
have that if u(z) = ;czn a;e?™*/L then for any q > 2 we have

11
lullzo@) < Hagkller, o4 2= 15



in particular, notice that 1 < r < 2. Similarly as in part (a), we introduce a weight
(1 + |7]>)™ for some m > 0, to be determined later, and use Holder’s inequality to
obtain

-125\m
el = 3 los = 3 ol sl

jEZn jezn
1/(2/r) r/2
1
<> > (LGP g
- j|28)m(2/r) J ’
iz (L [g[Peymiz/ i

where (2/r)" is the Holder conjugate of the number 2/r > 1,i.e. 1/(r/2)+1/(r/2) = 1.
Choosing m = r/2 it follows that

1/@/ry

1
[ulla@) < EZZ: (1 + |j[25)0/2)-/ry H“||H§(Q)-
J n

Since (2/r) = 2%, it follows from the n-dimensional p-series test that

1
,GZZ: At E)ememn <%
,] n
provided
2 . 2n
(2s) - (r/2) - <2 — 7"> >n, ie. r> P

2n
2s+n

2n
n—2s’

Recalling that r = ¢/ = qqu it follows that r >
the desired result.

(c) Show that H;(Q) is compactly embedded in Lg(Q) for all 0 < s < co. That is, a
bounded sequence {u}32, in H5(Q) has a subsequence that converges in L2(Q).

precisely when g < giving

Solution Let {u}72, be a bounded sequence in H,(Q) and, for each k = 1,2, ...

write
ug(z) = Z ak7j62mj'$/L.
jezr
Since the sequence {uy} is bounded, it follows that there exists a constant M > 0
such that

(0.1) DA+ 1P ars* < M
JEZ™
for all k =1,2,.... It follows for each j € Z" that the sequence {ay, ;}72, is uniformly

bounded. In the sequel, for notational simplicity we shall enumerate Z™ by the natural
numbers N (which is clearly possible since Z" is a countable set.



Since, by above, the sequence {ay 1}72, is bounded, we may select a subsequence
{un,, 721 of {ug}e, such that the Fourier coefficients ay, 1 converge as r — oo.
From this, we may extract yet another subsequence {ug, }52; of {ug, };2; such that
both ag, 1 and ag, o converge as r — oo. Continuing in this way, we may obtain
for each m = 1,2,... a subsequence {uy,, }72; of {ux}y2; such that the coefficients
ag,, j for 7 =1,2,...m all converge as r — oo. Now, taking the diagonal sequence
Um, = U, —and writing a, ; := ay,, ; for the corresponding Fourier coefficients, it
follows for each j € Z" that the ay, ; converge as m — oo to a limit a € C, from
which we may define the function

u*(m) _ Z a;ge2wij~z/L.

jezn

M >

Note that u* € H,(Q) since, by taking limits in (0.1) we have

(0.2) o (LH[P)asf < M
JEZL™

I claim that @, — u* in L%(Q) as m — oo. To see this, let K > 0 be arbitrary (for
the moment) and observe that Parseval’s inequality gives

_ 2
i — gy = 3 lomy — a3
JEL™
12 1 127,125
< Z |am,; — aj T K Z |am,; — a7k
l7|I<K l71>K

Since (0.1) and (0.2) imply

Y lamg = PR <Y lamg — ajP(1+ k%) < 2M,

ljI=K li]>K
it follows that Y
- 2 2
o = gy € 3 loma — 052+
li|<K

Now, letting € > 0 be given, we may choose m = 1,2, ... large enough such that the
first

Z |am,j — a;\z <e€

l71<K
and choose K > 0 large enough that ?(]\2/{9 < g, it follows that

~ x12
|t — u ||L%(Q) < 2e.

Since € > 0 was arbitrary, it follows that the subsequence ,, of the original bounded
sequence uj converges in L%(Q). Since up was an arbitrary bounded subsequence in
H3(Q), it follows that H3(Q) is compactly embedded in L2(Q), as claimed.



7. (Suggested) Let U C R" be open and bounded with C' boundary. Given u €
WLP(U), define E(u) : R® — R by

st = {0 [250

Show that the mapping E : VVO1 P(U) — WHP(R™) is well defined. That is, verify that
for u € Wol’p(U) one has E(u) € W1P(R"). Is the map E well defined from W1P(U)
to WHP(R™)? Explain.

Discussion: Thus, by extending by zero outside U, any function in v € WO1 P(U) can be
considered as a function in W1P(R"). This is an example of an “Extension” theorem.

Solution: First, for any u € W'P(U) we clearly have that E(u) € LP(R"). Next, we
verify that E(u) is weakly differentiable in R™. To this end, let ¢ € C2°(R"™) and note
that since u is weakly differentiable in U we have

E(u)D¢ da = /

U

uDda::/Dugbder/ ug dS,
U oUu

R

where here Du denotes the weak derivative of u in U. Defining the function E (Du) :
R™ — R by

Bwwe =1 " B

it follows that for all ¢ € C°(R"™) we have

E()D¢ dv = — | E(Du)¢ dx + / ué ds.
R7 R™ oUu

Furthermore, since E(Du) € LL (R"), if u = 0 on AU (in the trace sense) we find
that E(u) is weakly differentiable in R™ with weak derivative E(Du). Since we clearly
have E(Du) € LP(R™), it follows then that E(u) € WLP(R™). Since u was arbitrary,
it follows that E(u) € WHP(R") for all u € W, P(U), i.e. the map E : Wy P (U) —

WLP(R™) is well defined.

Note that if u € W1P(U) then it does not necessarially follow that E(u) is weakly dif-
ferentiable on R™. Indeed, weak differentiability of E(u) implies the linear functional

b~ | updSeR
oUu

is identically zero on C2°(R"™), which clearly does not hold for the function v = 1.

8. (Suggested) Give an example of a continuous function on [0, 1] which has classical
derivative defined almost everywhere, but which is not weakly differentiable.



Solution: Let f € C(R) be the Cantor function, which may be constructed as a
uniform limit of piecewise constant functions defined on the standard “middle-thirds”
Cantor set C. For example, f(r) = % for % <z < %, () = % for % <z < %,
flx) = % for % <z< %, and so on. Then f is differentiable a.e. with f’ =0 a.e. on
[0,1]. However, f is not weakly differentiable. To see this, suppose that there exists

a g € L{ ([0,1]) such that f’ = g weakly, i.e. such that

loc
| gpdi— [ fo s
[0,1] [0,1]
for all ¢ € C2°([0,1]). The compliment of the Cantor set in [0, 1] is a union of open

intervals Lo Lo .
\Cc=(==2 -2 Z ) U,
pane=(53)u(55)u(5a) v

whose measure is equal to one. Taking test functions ¢ whose supports are compactly
supported in one of these intervals, call it I, and using the fact that f = ¢; is constant

on I, we find that
/ g¢dx——/f¢/d$——cj/¢/dm—0.
[0,1] I I

It follows that g = 0 pointwise a.e. on [0, 1]\ C, and hence if f is weakly differentiable,
" = 0. However, this would imply that f is a constant function on [0, 1], which is
clearly not true. Thus, f can not be weakly differentiable on [0, 1] even though it has
classical derivative defined a.e. on [0, 1].
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