Math 951 — Advanced PDE II

Homework 2 — Solutions!
Spring 2020

1. Let U C R” be an open and bounded set with smooth boundary, and consider the
following Poincaré like inequality: Given any constant ¢ > 0, there exists a constant

C > 0 such that
/ uwlde < C (/ | Du|*dx —i—a/ |u|2dS>
U U U

for all u € H*(U), where here u|gy is interpreted in the trace sense.

(a) Provide a direct proof of this fact, using that C°°(U) is dense in H'(U). To
receive full credit, it is not enough to simply prove for smooth functions on U
and then just say “by density, it holds on H'(U)”. You must show the details of
this final density argument.

(b) Provide another proof of this inequality using a proof by contradiction. (Hint:
It may help to look over our proof of Poincaré on WYP(U) here...)

Solution: (a) Suppose that u € C°°(U). Since U is bounded, we have for any ¢ > 0,

/ ulde = —/ :L'j; (uz) dx —i—/ u2xj1/j ds
U U Lj ouU

c(/ yuuDuyd:c+/ u2ds)
U ou
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where the last inequality holds by the Cauchy with e inequality |ab| < ea® + ﬁbQ,
valid for any € > 0. Choosing € so that C's < 1, we see that

ull2a0) < € (1Dl + 6l 2001)

for some positive constant C' > 0, which, by choosing C > 0 possibly larger, implies
ull2ay < C (1Dl + ollul2(00 ) -

For the general case u € H'(U), recalling that C°°(U) is dense in H'(U) we can find
a sequence {u;}52; C C*>(U) such that u; — u in H*(U). Then for each j, we have

lwil2(0 < € (1D 120y + s 300 )



for some constant C' > 0 independent of j. Taking the limit as j — oo, we clearly
have |lugl 2@y = l|ull 2@y and || Dugl| 2@y — [[Dul| 21y Furthermore, by the Trace
theorem, we have that u; = Tu; on OU and, furthermore,

luj —T(W)llL2ovy < Cllug — ull g vy

Hence, uj; — T'(u) in L*(dU) as j — oo, which completes the proof.

(b) Suppose that no such constant C' > 0 exists. Then for all k& € N, there exists a
non-zero function v, € H'(U) such that

vl 2wy > k (IDvkll L2y + 1T (0r) | 22(00)) -

Defining wy, := W’%, it follows that |lw/z2() = 1 and
1
[ Dwill 2wy + 1T (wi) || 200y < z

for all K € N. In particular, the sequence {w;} is a bounded sequence in H'(U)
and hence there exists a function w € L*(U) and a subsequence {wy,} such that
wy, — w in L?(U) by Rellich-Kondrachov, and notice that since [|wg, || 2y = 1 for
all j, HwHLz(U) = 1.

However, it also follows that Dwy, — 0 in L?*(U), and hence I claim that w must be
locally constant. To see this, simply notice that for all ¢ € C°(U)

/ wD¢ dz = lim [ wg; D¢ dr =0
U J7oJu

from which it follows that Dw = 0 in U, and hence w is a.e. equal to a constant
function on each connected component of U. Moreover, we also have that T’ (wkj) —0
in L?(U) and hence, since T : H'(U) — L?(0U) is continuous and since clearly
w e H'(U) and wy, — w in H'(U), we have

T(w) = lim T(wg,;) =0
Jj—o0
and hence w € H}(U). Recalling that w is a.e. equal to a constant function on each

connected component of U it follows that w = 0 a.e. in U, which contradicts the fact
that ”wHL2(U) =1.



2. (Based on #b5 in Section 6.6 of Evans) Let o > 0 be a fixed constant and suppose
U C R" is an open and bounded set with smooth boundary. Given f € L%(R"),
consider Poisson’s equation with Robin boundary conditions:

— Au= fin U,

@—Fau:OonaU.
ov

The goal of this exercise is to verify the existence and uniqueness of a “weak” solution
of the above BVP.

(a)

(d)
(e)

We say a function v € H!(U) is a weak solution of the given BVP if

/(]Du-D¢dx+a/8Uu¢dS:/l]f¢dx

for all ¢ € H'(U). Justify that this is a reasonable definition of a weak solution

for the given BVP by first supposing v € C*°(U), and multiplying the PDE by

an arbitrary ¢ € C°°(U), and integrating over U.
Define the bilinear form B : H'(U) x H'(U) — R by

Blvy, vg] ::/ Duvy - Dvg dm+0/ vive dS.
U oU

Show that B[, -] defines an inner product on H(U). (Hint: Problem # 1 above
will be helpful here...)

Verify that the inner product B[, -] generates a norm on H'(U) that is equivalent
to the standard one, i.e. show there exists a C' > 1 such that

C_1||v\|%11(U) < Blv,v] < CH”H%P(U)

for all v € H'(U). Show then that the set H'(U) equipped with the norm
| - |l« := /Bl,] is a Hilbert space. (Hint: For this last part, all you really need
to check is that Cauchy sequences in (HY(U), || - ||+) converge in (H*(U),|| - ||x).)

Given f € L?(U), show that the map H*(U) > ¢ fU f ¢ dx defines a continuous
linear functional on the Hilbert space (HY(U), || - )

Using the Riesz-Representation Theorem, verify that for every f € L?(U), there
exists a unique weak solution u € H(U) of the given BVP.

Solution: (a) Suppose u € C*°(U) is a smooth solution of the given BVP, and let

¢ € C*(U) be arbitrary. Multiplying the PDE by ¢ and integrating over U gives

/qubd:c——/UAuédx—/UDu-Dqﬁ— 8U(ﬁDu-udS’.



From the boundary conditions, Du - v = —ou on OU, which gives

/qubd:c:/UDu-Dgﬂa/aUmds.

Since C*®(U) is dense in H'(U), this justifies the given notion of a weak solution for
this problem.

(b) Clearly BJ-,-] defines a symmetric bilinear map on H'(U) x H*(U) and, further-
more, it is clear that Blu,u] > 0 for all u € H(U). To see this defines an inner
product, we must verify that Blu,u] = 0 if and only if w = 0 in H'(U). Recalling
from Problem # 1 above that there exists a C' > 0 such that Blu,u] > Cllu|| 2y for
all w € HY(U), it follows that if B[u,u] = 0 then u = 0 in L?(U), and hence u = 0 in
HY(U). Thus, BJ-,-] defines an inner product on H*(U).

(c) Using the Poincaré inequality in Problem # 1 again, we have by the definition of
B[-, -] that

lollFr @y = 10ll72@) + 1DVIIZ2 ) < CBlv,v] + [Dvll72 ) < (C +1)Blu, ]

for some constant C' > 0. To verify the other direction, notice that by the Trace
Theorem and the definition of the H!(U) norm we have

Blv,v] < /U |DvPdz + CllollE gy < (€ + Dol e,y

It follows that the norm || - ||« defines a norm on H!(U) that is equivalent to the
standard one. To see then that (H'(U), | -||«) is a Hilbert space then, we must verify
that it is complete. To this end, let {v;} be a Cauchy sequence in (H(U),|| - ||.) and
note, since || - [« > C|| - || g1 1y, it follows that {v;} is Cauchy in (H'(U), || - | g10)-
Since H'(U) is complete with respect to its usual norm, it follows that the sequence
{v;} must converge in H'(U). However, the inequality ||-|[« < C||- | g1y implies that
convergence in (H'(U), ||- || g1(1ry) implies convergence in (H'(U), |- ||.) and thus, the
sequence {v;} must converge in (H'(U),|| - ||«). Hence, the space (HY(U),] - ||«) is a
complete inner product space, i.e. a Hilbert space.

(d) Using the equivalence of the norm || - ||« with the standard || - || z1(¢) norm on
HY(U), given f € L?(U) it follows that

s

for all € (H*(U), ||-||+). Thus, the given mapping defines a bounded linear functional
on (H'(U), | - [l+)-

(e) By the Riesz-representation theorem (or, equivalently in this case, Lax-Milgram),
it follows that for each f € L?(U) there exists a unique v € (H'(U), || - ||+) such that

< Clfllezan ol wy < Clfllzw)llell

Blu.¢) = /U 16 do
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for all ¢ € (H'(U),|| - ||+). Using the equivalence of the norms || - || ;1) and || - ||
one last time, it follows that the above function u € H'(U) is a weak solution of the
given BVP.

. (Based on #4 in Section 6.2 of McOwen) Let u € R be non-zero and consider the
Dirichlet problem
—Au+pu=f in U
u=0 on OU

where U C R" is open and bounded and f € L?(U) is given.

(a) Derive the appropriate weak formulation of this problem for u € HJ(U).
(b) Set
Dul?d
A1:= inf 7fU | Z| T
weH (U) [y utda

Prove that A\; > 0.

(c) Prove that if 4 > —A\;, then the above BVP has a unique weak solution u €
H}(U) for each f € L*(U).

Solution: (a) Suppose u is a smooth solution of the given BVP. Given ¢ € C(U),
multiplying the PDE by ¢ and integrating by parts implies that u satisfies

/UDu-Dqﬁda:—i—,u/Uuqbd:U—/Uf(bdx

for all ¢ € C°(U). Since the left hand side is well defined for all u, ¢ € H}(U), and
the right hand side is defined for f,¢ € L?(U) the weak formulation is as follows:
given f € L?(U), find a u € H}(U) such that

/[]Du-D¢dm+u/[]uqbda::/[]f¢dx

for all ¢ € H}(U).
(b) The Poincaré inequality on H{(U) implies there exists a constant C' > 0 such

that
/qux§C/ | Du|?dx
U U

for all u € H}(U). Rewriting, it follows that

2
1 Jir |Dul?dx

C ~ fU udzx

for all u € H}(U). It follows that A\; > & > 0.

5



(c) Define the bilinar form B : H}(U) x H3(U) — R by

Blu, v] ::/ Du - Dv dx—l—,u/ uv dx.
U U
Using Cauchy-Schwartz, we find that

| Blu, 0| < [ Dul| 20y [ Dol 2y +pellell 2o 10]] 220y < (Tmax (e, O)[[ull e oy 01| 1 o)

so that B is bounded. To see that B is coercive, first observe that if © > 0 then we
clearly have
Blu,u] > min{L, i}l o)

so that B is coercive for all ;4 > 0: note all such p trivially satisfy u + Ay > 0. For
1 < 0, notice the definition of A\; and the fact that A\; > 0 implies that

1
/u2 dzx < / | Du|*dz
U A Ju

for all uw € H}(U). Thus, if 4 < 0 then for a given u € H}(U) we have
Blu, u] :/ \Du|2dx+u/ ulda
U U
> (1 + M)/ |Du|*dz (since p <0)
S

%

for some C' > 0. It follows that B is coercive for all u > —A;.
Finally, noting that Cauchy-Schwartz implies

H&(U)9¢r—>/Uf¢dx€]R

is a bounded linear functional on H}(U), it follows from the Lax-Milgram theorem
that if g > —\y, then for each f € L?(U) there exists a unique u € H}(U) such that

Bmwzzj¢m

for all ¢ € H}(U), and hence there exists a unique weak solution of the given BVP.



4. Let U C R™ be a smooth, bounded, connected open set. Let I'1, I'y be two disjoint
subsets of QU of positive (n — 1)—dimensional measure such that I'y UT'y = OU. (For
example, in R? U might be an annulus.) Define the set

H:={p e C>®(U) : dist(sptg,I'1) > 0},
and define the Hilbert space H L(U) as the closure of H in the standard H'(U) norm.

(a) Prove the following Poincaré inequality for functions in H*(U): 3C > 0 such
that

/ ulde < c/ |Dul’dz Vu e H'(U).
U U
(b) Consider the following problem: Given f € L2(U), find u € H*(U) such that

/Du~Dq§da;:/fq§da: Vo € HY(U).
U U

Prove the existence of a unique solution of this problem.

(c) Carefully explain what boundary value problem (i.e. PDE and boundary condi-
tions) you solved in the weak sense in part (b)?

Solution: (a) Suppose the stated inequality is false. Then for each k € N there exists
a non-zero u; € H'(U) such that

/u%d:p > k/ | Duy |2 d.
U U

Defining wy, := it follows that {wy} is a bounded sequence in H'(U) and

Uk
Huk || L2(U)
satisfies

1
/ | Dwy|*dx < —
U k

for each k € N. Since H! C H(U), there exists a subsequence {wg, } which converges
in L?(U) to some function w € L?(U) with w2y = 1.

Next, I claim that w is weakly differentiable with Dw = 0 in U. To see this, notice
that since wy, — w in L?(U) we have for all ¢ € C(U)

/UDQS dx /Dwqub dx
U U

Thus, since U is connected it follows that w is constant in U. But, since H'(U) is
closed it follows that T'(w) = 0 on 'y and hence w = 0 in U. This is a contradiction
since we have already shown that |[w|| g2y = 1.

< lim 91l 20 _
Jj—o0 5
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Jj—o0




(b) By part (a), the functional (u,v) := [;; Du - Dv dx induces a norm on HY(U)
which is equivalent to the standard H'(U) norm. In particular, since the map

HI(U)Bvr—)/fvda:E]R
U

is a bounded linear functional on H*(U), it follows that it is a bounded linear func-
tional on H(U ) and hence the Riesz-Representation Theorem implies the existence
of a unique u € H'(U) such that

/fvdx:/Du-Dvdx Yo e HY(U).
U U

Thus, for each f € L?(U) there exists a unique weak solution of the given problem.

(c) First, notice by continuity of the trace operator that T'(u) = 0 on I'y for all
u € HY(U). Furthermore, supposing that u € C?(U) an application of integration by
parts yields

ou
/U(—Au+f)¢>dx+ ¢%d5‘=0

1)

for every ¢ € C*°(U), say. Setting both integrals to zero independently implies that
u any smooth solution u of the problem in part (b) must satisfy the boundary value
problem

—Au =f inU
U =0 only
% =0 only,

i.e. u € H'(U) is a weak solution of Poisson’s problem with mixed Dirichlet-Neumann
boundary conditions.



