Math 951 — Advanced PDE II
Homework 3 — Solutions!

Spring 2020

1. In this exercise, we consider the solvability of the Laplacian operator equipped with
Neumann boundary conditions. In the process, we will analyze the Neumann eigen-
values and eigenfunctions for the Laplacian operator on a bounded domain.

To begin, let U C R™ be open and bounded with smooth boundary and consider the
problem

0.1) { ~Au=f iU

g—z:O on oU

where f € L?(U) is given. We say that u € H'(U) is a weak solution of the above
Neumann BVP if

(0.2) Blu,v] = /va dz v e HY(U)

where B : H(U) x H'(U) — R is the bilinear form Blu,v] := [; Du- Dv dx.

(a) When dealing with Dirichlet boundary conditions, we searched for solutions in
HE(U), thus imposing the desired boundary conditions in the trial space. How-
ever, in the above Neumann problem, it is not immediately clear how the bound-
ary condition % = 0 on OU is showing up in our problem: after all, we are not
imposing it in the trial space H(U).

To reconcile this, assume that u € C*(U) satisfies Blu,v] = [, fv dx for all v €
C%(U), and that u satisfies —Au = f classically in U. Use the weak formulation

to show that
v@ds =0
oU 81/
for all v € C?(U). From this, conclude that % = 0 on OU. That is, although the
boundary condition is not directly imposed in the trial space, it must inherently
hold from the weak formulation. Boundary conditions that arise from the weak
formulation in this way (and are not imposed explicitly by the Hilbert space) are

called natural boundary conditions.
(b) We now turn to studying the solvability of (0.1). First, show that a necessary!
condition for the existence of solutions of the BVP (0.1) is that [, f dz = 0.

(c) Prove that the bilinear form B defined in (0.2) is bounded, but not coercive.
(Hint: To show it is not coercive, it is enough to find a nonzero w € H*(U) such
that Blu,u] = 0. Why?)

"We will see below, among other things, that this condition is also a sufficient condition for existence,
but that uniqueness fails: solutions are only unique up to additive constants!



(d)

Prove that the bilinear form By : HY(U) x HY(U) — R defined by
Bi[u,v] := Blu, v] —i—/ uv dx
U

is bounded and coercive on H!(U). Conclude then that for each f € L?(U) there
exists a unique u € H'(U) such that

(0.3) Bilu,v] = /va dx

for all v € HY(U).

Continuing, for each f € L?(U) denote the unique function u € H'(U) satisfying
(0.3) by u = S1(f). Provethat Sy : L>(U) — H'(U) is a bounded linear operator.
Prove that S : L>(U) — L%*(U) is compact and self-adjoint.

Show then that S7 has a countably infinite decreasing sequence of non-zero eigen-
values of finite multiplicity such that, when listed with respect to multiplicity,

1=A>X>X32>...20

and that N(S1 — A I) = Rspan{l}. Moreover, show that the corresponding
eigenfunctions ¢y, satisfying S1¢p = Apéy form an orthonormal basis of L?(U)
and an orthogonal basis of H!(U) with respect to the inner product Bj[-,].
Conclude that that the Neumann eigenvalues {4} of the operator —A form an
increasing sequence such that, when listed with respect to multiplicity,

O=p <po<pz<...—>

and that the corresponding eigenfunctions 1, € H(U) form an orthonormal ba-
sis of L2(U) and an orthogonal (with respect to inner product Bi[-,-]) of H'(U),
where we are assuming —A; = pj1p; weakly in U. Furthermore, show that we

can take
1

|U|1 /27
where |U| denotes the Lebesgue measure of the domain U.

Finally, let f € L*(U) be such that [, f dz = 0. Prove that any weak solution
of the Neumann problem

Y1 =

(0.4)

du  — ()  ondU

{—Au =f inU
on

can be expressed as

(0.5) U—a1+szJL2 ¥;

with a1 arbitrary and the series converging in H'(U). Moreover, show that any
function of the form (0.5) is in fact a weak solution of (0.4).



Solutions: (a) Suppose u € C?(U) is a weak solution of our PDE (of course, in
general, u is not so smooth). Starting from the weak formlation fU Du - Dv dx =
fU fv dx, we integrate by parts to obtain

—/vAud:):—i— s = /vfdx
U ou 3’/

for all v € C?(U). Since u € C?(U), u satisfies —Au = f a.e. in U, and hence

v— dsS =0
/8U 81/

for all v € C?(U). It follows that % = 0 on OU, which justifies our saying that
the Neumann boundary condition holds in the weak sense, because we have shown
that if u is smooth enough on U then the Neumann condition actually holds classically.

(b) If u € HY(U) is a weak solution of the Neumann problem then

/Du-Dvdac:/fvdx
U U

for all v € H'(U). In particular, taking v = 1 (since U is bounded) we get

| ras=o.

Thus, if the Neumann problem has a weak solution then it must be the case that
Jiy fdz=0.

(c) The bilinear form B[-,"] is clearly bounded on H(U) since
|Blu, ]| < | Dull 2q@n |1 Dvl 20y < llwllgr @y llvll e @)

for all u,v € HY(U). However, since 1 € H'(U) and BJ[1,1] = 0 it follows that B[, "]
can not be coercive on H!(U), i.e. there does not exist a constant C' > 0 such that
Blu,u] > Cllul%, ) for all u € HY(U).

(d) Boundedness of By on H*(U)x H'(U) follows as in part (a). Moreover, coercivity
is clear since

Bulu, u] = /U (u® + [Duf?) da = ||ull 3

for all u € HY(U). Thus, by the Riesz-Representation Theorem (or Lax-Milgram if
you prefer), for every f € L*(U) there exists a unique weak solution u € H}(U).



(e) The operator S is clearly linear since B[, ] is linear for each v € H'(U). More-
over, by definition of S for every f € L?(U) we have

11 ()7 @y = BrlS1(£), S1(f)] = /Uf51(f) dz < |[fll 2@ 151 (Nl 2w

and hence it follows that
IS1 Ny < 12wy
for all f € L2(U), i.e. Sy : L}(U) — H'(U) is a bounded linear operator.

(f) First, we show that S : L?(U) — L%(U) is self adjoint. To this end, fix f, g € L*(U)
and notice that

(S1(), 9) 2wy = (9:51()) L2y = BalS1(g), 51()]

since S1(f) € HY(U) and Si(g), by definition, satisfies

B1[Si(g),v] = / gv dr Vv e HY(U).
U
Since B is symmetric, it follows as above that

B1[S1(g), S1(f)] = B1[S1(f), 51(9)] = (f, S1(9)) 20y

and hence we have (S1(f), 9) 2y = (f5 51(9)) r2(1r)- Since f,g € L?(U) were arbitrary,
it follows that S is self-adjoint on L?(U).

Next, to see that Sy : L?(U) — L?(U) is compact, let {ux} be a bounded sequence in
L%(U). Then since S; is a bounded map into H'(U) we have

1St (ui)l oy < llukll 2wy

so that the sequence {S;(uy)} is a bounded sequence in H!(U). Since U C R” is open
and bounded with a smooth boundary, Rellich-Kondrachov implies that there exists a
subsequence {S1(uy,)} which converges in L?(U), and hence S is a compact operator
from L?(U) into L%(U).

(g) By part (f) we can apply the spectral theorem for self-adjoint compact operators to
the operator Sy : L2(U) — L?(U) to conclude that to get the existence of a countable
number of eigenvalues {\;} corresponding eigenfunctions ¢;. Indeed, o, (51) # 0 since
either +||S1|| € 0,(S1). Furthermore, 0 € o(S1) \ 0,(51) since if Si(¢) = 0 then by
definition we have

0= B1[S1(¢),v] = / v dx

U

for all v € H'(U), and hence we must have ¢ = 0. Thus, 0 can not be an eigenvalue of
S1 and hence the set 0,(51) must be countably infinite since, if not, it would be finite
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and hence the corresponding total eigenspace would be finite-dimensional. However,
this can not be since we have shown that N(S; — A;I) is finite dimensional for each
Aj € op(S1) (since 0 ¢ 0,(S1)) and that, since S; is compact and self adjoint, the
total eigenspace

UN (1=

J
should be dense in H'(U), which is infinite dimensional. Thus, by the spectral theorem
the set 0,(S1) consists of a countably infinite sequence of non-zero real numbers {\;}
which form a sequence converging to zero as j — oo.

Next, we prove that 0,,(S1) C (0, 1]. To this end, notice that if S1(¢;) = Aj¢; then by
the coercivity of B; found in part (b) we have

163120y = Bl &3] = — BrlSs65, 6] = /@m
and hence 16 ”2
o< = Wil
||¢j||H1(U)

as claimed. Thus, we can order the eigenvalues of S; as

Next, I claim that N(S1 — I) = span{1} so that \; = 1 is a simple eigenvalue of S,
completing the proof. To see this, notice that A = 1 is clearly an eigenvalue of Sy
since for any non-zero a € R we have

Bl[Sl(a),v]:a/Uv dz = Bi[a,v] Vv e HYU).

and hence Si(a) = a. Thus, span{1} C N(S; — I). To prove the reverse inclusion,
notice that if S1(¢) = ¢ then by above we have

16122y = Bilé. 6] = BilSi(6), 6] = 6120,

and hence it must be that || Dé||p2) = 0, i.e. ¢ must be a constant function. Thus,
we conclude that N(S; — I) = span{1} and hence the eigenvalue A\; = 1 is a simple
eigenvalue of .57.

Finally, it follows directly from the spectral theorem that we can choose the {¢;} to
be an orthonormal basis of L?(U). To see that it forms an orthogonal basis of H(U)
with respect to the inner product By, first notice that for all j,k € N

M&mmmemmm—L@@m



and hence orthogonality with respect to B[, -] follows by orthogonality in L?(U). To
show {¢;} is a basis of H'(U), notice that if u € H*(U) is such that Blu, $;] = 0 for
all j € N, then we must have

Blu, 6;] = — Blu, $1(6)] = j /U ud; de

]

for all j € N and hence, since {¢;} is a basis in L?(U) it follows that u = 0 in L?(U).
Hence, if

1
M :=span{¢; : j € N}H ©

it follows that M~ = {0} so that M = H*(U), i.e. the set {¢;} must be a basis for
HY(U).

(h) First, notice that Si(¢) = A¢ for some X\ # 0 if and only if we have for all
ve HY(U)

+/U¢)U dx = Bi|¢p,v] = XBl[Sl /qf)v dz,

which in turn holds if and only if ¢ is a weak solution of the problem

—Au :(%fl)u inU
% =0 ondU.

Thus, it follows that the Neumann eigenvalues of —A are exactly the values

1
M:<M_Q'

In particular, it follows that the Neumann eigenvalues of —A form a countable se-
quence {u;} such that
O=p <pe<pz<...—> 0

with corresponding eigenfunctions {¢;}, i.e. the Neumann eigenfunction of —A corre-
sponding to the eigenvalues j; is precisely the eigenfunction ¢; corresponding to the
eigenvalue \; of the operator S1. The proof of this part is complete by noting that
the spectral theorem implies the set {¢;} is an orthonormal basis of L?(U). As such,
the constant function ¢; must be equal to |U]|~1/2.

(i) Let f € L*(U) satisfy [, f dz = 0 and let u € H'(U) be a weak solution to the
problem

06) {Au =f inU

%Z =0 ondU.



Since u € H'(U) and since {¢;} is an orthogonal basis of H'(U) with respect to the
inner product B[, -], it follows that we can find constants {a;} and {d;} so that

U:Zaj¢j, and fZZdj(ﬁj
j=1 i=1

with the series for u converging in H'(U) and the series for f converging in L?(U).
Since u is a weak solution of (0.6) it follows that

Blu, v] :/ fvdr Yve HY(U)
U
and hence that
(0.7) Bifu, 0] = / (f +u)v dz Vo € H'(U).
U

Using the above expansion then, we have

(e 9]

vl =) a;Bi[¢;,0] Z B1[S1(¢5),v] = Z?/Wf dx
=1 j=1"77U

and, similarly, that

[e.9]

/(f+u)vdx—2(d + aj) /(ijd:c

j=1
Therefore, using (0.9) it follows that
i Aj(d; + aj)) /gb]vda;O
j=1
for all v € H'(U) and hence for each j € N we must have
(1= Xj)a; = A;d,;.
Since A1 = 1 and d; = 0 it follows that a; can be chosen arbitrary. Furthermore, since
1>XM>X>...—20

it follows that the solution u must take the form

o Ajd; ~ d;
(0.8) u=a+) =o)L
= j=2 1

with a; arbitrary and the series converging in H'(U), as claimed.



To complete the proof, we must show that any function of the form (0.8) is in fact
a weak solution of (0.6). To this end, let v € H'(U) be arbitrary and notice by
continuity of the map

HY(U) 5w~ Blw,v)

we find that

Blu,v] = a1 B[1,v] + Z ﬁB[¢j,v]

o
j=1 "

Since B[1,v] =0 and for j > 2

1
- AjBl[sa(qu),vJ—/Uczij dx
= )\—] — 1> Ugi)]v dx
ZMj/U¢jv dz,

it follows then that

B[uvv]:;dj/U@vde:/U ;dﬂﬁj Udff:/Uf”d%

for all v € H'(U). Therefore, u must be a weak solution of (0.6) as claimed.

. Let U C R™ be open and bounded, and let {¢; }]"’;1 denote the Dirichlet eigenfunctions
of the operator —A defined on U. That is, for a fixed j € N, the functions ¢; € H}(U)
satisfy the BVP

—A¢j = )\j(ﬁj, in U,
¢j =0 on U,

where ); is the j eigenvalue of —A on U. Furthermore, assume that the ¢; are
normalized so that [|¢j[;2@y = 1. Fix k € N and let f € L?(U) be such that
fU foér dr # 0. Given a real number £ # 0 sufficiently small, show there exists a
unique weak solution u. € H}(U) to the BVP

0.9) { —Au= M +e)u+f inU

u=0 on U
and that this unique solution satisfies the estimate

> UUf@f dw\.

HUEHLQ(U) |€|



Solution: First, note that since o(—A) is a discrete subset of R, for a fixed k € N
there is an g9 > 0 such that A\ +¢ € p(—A) for all 0 < |e| < g9. That is, for
sufficiently small, the stated BVP has a unique weak solution for each f € L?(U).

Denoting this weak solution by u, it follows that

/[]DU'D¢k daz:()\k—f—s)/Uuqbk dx—i—/Uf(;Sk dzx.

Since ¢y, solves —A¢y, = Aoy, it follows that [, Du - D¢ dx = N [;; ugy, dx so that

the above equality implies
a/ugbk dx——/ for dx.
U U

Since || ¢k 2y = 1, it follows by Cauchy-Schwarz that
‘ / for dx
U

3. Consider a function f : R — R satisfying the condition |f(¢)| < |¢|> for all ¢ € R and
let U C R? be an open and bounded set. Prove that if u € H'(U) is a weak solution
of the semilinear elliptic PDE?

< lel - [lull L2

as claimed.

—Au=f(u) inU

then in fact we have u € HH%IOC(U). In particular, prove that for every V' € U we have
u € H%(V) and that there exists a constant C' > 0 independent of u such that

lullirzqwy < Cllullon (1+ lull3en ) -

Solution: Fix V € U and let W C U be an open set with smooth boundary such
that
Vewel.

If u e HY(U), then f(u) € L?(W) since

[ s@pds < [ s

By a weak solution, we mean a function v € H'(U) such that Jy Du - Dv dx = [, f(u)v da for every
v e HY ().




which is finite since H(W) C L(W) by Sobolev embedding. Thus, by the interior
H?-regularity theory it follows that u € H?(V) with

lulliery < € (1F @2y + Tl o)
< C (llullfoqwy + Il v
< Cllull ) (I3, +1)
Since V € U was arbitrary, we are done.

. Let U C R? be open and bounded with smooth boundary and let f € C*(R) be
given. Suppose that u € H'(U) is a weak solution of the semilinear elliptic PDE

—Au=f(u) inU

and that, moreover, there exists a constant M > 0 such that ||ul|pe ) < M. Prove
that in fact one has u € C?(U) and hence u is a classical solution of the PDE in the
domain U.

Solution: First, notice that since f € C%(R) and u € L>®(U) we immediately have
that f(u) € L?(U) and hence, by our HZ2-interior regularity result we have that u €
HZ, (U). Now, fix V € U and note for each v € H*(V) N H(V) and i € {1,2,...n}

we have
/Du-Dvxid:L‘:/ f(u)vg,dz
v 1%

which, using that each component of Du belongs to H'(V), implies

/ Duyg, - Dv dx = / f(u)g,v dx
1% 1%

for all v € H2(V) N HE(V). It follows that u,, solves the PDE —Av = f(u),;, with
appropriate boundary conditions, weakly in V. Since f(u) € L*(V) and f (u)z; =
f'(u)ug, € L*(V), we can apply the interior H? regularity theorem to see that u,, €
H?(W) for every W € V. Since i andV &€ U were arbitrary, it follows that u €
H} (U). Thus, by the regularity theorem it follows that we can take u € C(U)
with u, Du € L*(U). With this observation, following as above we find that for each
i,j € {1,...,k} and V € U the function u,,, solves the PDE —Av = f(u)s,s,, with
appropriate boundary conditions, weakly in V. Since

FWaia; = " (W tg,ue, + f'(W)tig,a; € L*(W)

it follows by the interior H? regularity theorem that Ug;; € H 2(W) for every W € V.
As above, it follows that u € H (U) so that u € C?(U) with u, Du, D?>u € L>(U), as

loc

desired. so that f € H?(W) and hence, by the regularity theorem, we have u € H*(V).
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5. (Suggested) Consider the multiplication operator A : L?(0,1) — L?(0,1) defined by
Af(x) = xf(x).
(a) Show that A € £ (L*(0,1)) and that o,(A4) = 0.
(b) Show that C\ [0,1] C p(A).
)

(c) Show that if A € [0, 1], then non-zero constants are not in the range of A — AI.
Conclude that o(A4) = [0, 1].

Solution: (a) Clearly we have

1 1
A = [ @t o< [ e

so that A € £(L?(0,1)) with ||A|| < 1. To show there are no eigenvalues, suppose
f € L?(0,1) satisfies

Af = Af
in L2(0,1) for some X\ € C. This implies that (z — \)f(x) = 0 for a.e. € (0,1) which
clearly is only satisfied if f(z) = 0 for a.e. « € (0,1). Thus, for every A € C the kernel
of the opeartor A — AI is trivial. It immediately follows that o,(A) = 0.

(b) Let A € C\ [0,1] and note that the function (z — A\)~! is well-defined and belongs
to L>°(0,1). Defining By : L?(0,1) — L?(0,1) by Bf(z) = (z — \)~1, it follows that
By € L(L?(0,1)) and that

By ((A=ADf) (x) = f(z) = (A= Al) (Bxf) (2)

for every f € L2(0,1). Therefore, A — Al is bijective with (A — X\I)™! = By €
L(L?(0,1)), from which it immediately follows that A € p(A).

(c) A constant g € R belongs to the range of A — I if there exists a f € L?(0,1)
such that Af(z) = g in L?(0,1). By the definition of A, the only candidate for f is
f(x) = g(x — \)~!, which does not belong to L?(0,1) if A € [0,1]. Thus, A — \I is not
surjective for A € [0, 1], and hence [0,1] C o(A). By part (b) above, it follows that
[0,1] = 0(A), as claimed.

6. (EXTRA CREDIT!!!) Consider the operator K : L?(R") — H'(R") defined by K :=
(—A+1T )_1. The aim of this exercise is to prove that although K is a bounded linear
operator from L?(R") into H!(R") (as guaranteed by the first existence theorem), it
is NOT a compact operator from L?(R") into itself®.

(a) First, fix ¢ € C2°(R™) and consider a sequence {a;} C R" such that |a;| — oo as
J — oo. Prove that the sequence of functions {¢;} defined by ¢;(z) := ¢(x — a; )
is bounded in L?(R™) and converges weakly* to zero to zero as j — co.

3Thus, weak solution operators for uniformly elliptic PDE need not be compact if posed on an unbounded
domain.

“Recall, a sequence {f,} in a Hilbert space H converges weakly to f € H, denoted f,, — f, if F(f.) —
F(f) as n — oo for every F € H*. In the setting of problem #6(a) then, we have ¢; — 0 if [, ;v dz — 0
for every v € L*(R™).
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(b) Next, prove the following general theorem: if H is a Hilbert space and if M
is a bounded, linear, compact operator then given any sequence {ug} which
converges weakly to w in H, we have Mu; — Mu strongly in H. That is,
compact operators on Hilbert spaces upgrade weak convergence to strong (norm)
convergence. (Hint: A fundamental result of functional analysis, known as the
Banach-Steinhaus Theorem, or principle of uniform boundedness, implies that
all weakly convergent sequences in a Banach space are bounded.)

(¢) Prove that, if K € £(L?(R")) were compact, then K¢; — 0 in HY(R™). (Hint:
Here, use the fact that, by construction, the range of K is actually contained in
H'(R").)

(d) Still assuming that K is compact, use the fact that the bilinear form Blu,v] :=
Jy(Du - Dv + uv)dx defined on H'(R™) x H'(R") is bounded and the result of

part (c) to derive a contradiction.

Solution: (a) The sequence {¢;} is clearly bounded in L?(R") since | ¢;|| L2(Rr) =
@]l L2(rny for all j € N. To show ¢; — 0 in L*(R™), first notice that if v € C2°(R™) is
fixed then there exists a J € N such that

spt(@;) N spt(v) = 0

for all j > J and hence

lim pjvder =0 VYveCFR").

Now, for v € L2(R") let ¢ > 0 and note we can find a function g € C2°(R") such that
v — gllz2rn) < &. Thus, for all j € N we have

’/ v dx
R?’L

from which it follows that

<1652 o = alogeey +| [ a0 do

lim sup
Jj—o0

¢jv dx
R”

<ol 2mnye-

Since € > 0 was arbitrary, it follows that fR" ¢pjv dr = 0 for all v € L?(R™), i.e.
¢; — 0 in L*(R").

(b) Since {u} is assumed to be weakly convergent, it is a bounded sequence in H
by the Banach-Steinhaus theorem (or the principle of uniform boundedness). Thus,
since the operator M : H — H is compact, given any subsequence {ukj} there exists
a subsequence {uy,; } and a w € H such that Muy, — w in M. Next, I claim that
w = Mu where u is the weak limit of {uy, } in H.
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To see this, first notice that Mukjl — w in H since, for all F € H*,
‘F (Mukjl - w)’ < C|Muy, — w0
as j — oo. But, we also have that Mu, — Mu since, for all v € H,
(Mug,v) = (ug, M*v) — (u, M*v) = (Mu,v).

By uniqueness of weak limits (CHECK!) it follows that Mu = w and hence M g, —
Mwu. Thus, every subsequence of Muy has a subsequence which converges to Mu, and
hence it follows that Muy — Mu as claimed.

(c) By parts (a) and (b), if K were compact then the sequence {1;} defined by
¥j = K¢; converges strongly to zero in L?(R™). Moreover, notice that ¢; € H'(R")
by construction and, furthermore, for each j € N the function ; satisfies

/ (Dtp; - Dv + b;v) do = / pjv dr Vv e Hy(U).

Rn ]Rn

I claim that choosing v = 9; and taking limits as j — oo implies that D; — 0 in
L2(R™). To see this, notice

¢? dz — 0
R

as j — oo by above and, since {¢;} is a bounded in L?*(R"),

‘/Rn Pjb; d

as j — oo. Therefore, it follows that

lim |Dyj|?dz = lim / (05 — w}) dr =0
J]—00 Rn

Jj—o0 Rn

< |¢llLe@m 19l L2@ny — 0

and hence Dv; — 0 in L?(R™). Together then this verifies that K ¢; — 0 strongly in
HY(R"), as claimed.

(d) Finally, since 9); = K¢; it follows for each j € N that

Blyj, w] :/ pjw dr Yw € H}(R™).
U
Choosing w = ¢; then, and using the boundedness of B[, -] it follows that
16511 72mny = Bljs &3] < Clidjll e ey 1951 1 ey
and hence, for all j € N.
I¢ill2@ny _ l9llLz@n
"= Cllésllm@ny — Cliélmn

However, this contradicts the fact that ¢; — 0 in H'(R") by part (c). Thus, our
assumption that the operator K : L2(R") — L?(R") is compact must be false.

1405 1 e > 0.

13



